
 GroupActions

We've already seenseveral examplesofgroups whose elements are functions

eg Sn is asetoffunctions fromEl h toitself the elementsof Dan
are functionsfrom the set of vertices of an hgonto itself

The notion of a group action generalizes this idea

Det A groupaction of agroup G on a set A is a map GxA A

written as g a for g cG a cA such that

1 g ga a gigs a for g gac G a cA

2 1 a a b a cA

In fact each element of G is indeed a functionfrom A A i

for g e G define og A A by a tog a

Claim If G acts on A and goG then g is a permutation of

A

PI We need toshow g is bijective

Consider g If a cA then

g g a g
i
g a 1 a a g g 1 a ogog i a

i e ogi is an inverse for og D



Note that SA is the group consisting of all the permutations of
A so there is a natural relationship betweenG and SA

Chaim If G acts on A Themap 4 G SAdefined 4 g og
is a homomorphism

Rf We want to show that for g g e G 4cgg 4cgo4ga
We'll show they're equal on every element of A

let a cA

Then 4 gga al 9g a gg a g ga a 0g g a

4cg 4 g a 4cg oY g a D

Ncte When isthis homomorphism injective Exactly when
Ker G SA l i e if l is the onlyelement that

is the identity on A Equivalently when no twodistinct

group elements induce the same permutation on A

Such a groupaction is said to be faithful

Ex l Dmx 1 n 1 oh is a group action In fact

it's faithful only the identity fixes every vertex

2 Considerthevector space 112 The group R o o has
a natural group action on 112 givenby thevector space



structure If a c IR then a r rn ah ah arn

3 Define Gln IR to be the set of invertible hxh matrices

This is a group under multiplication doyouseewhyit'sclosed

I o is the identity

Everything has an inverse byconstruction
matrix multiplication is associative

Glen R acts on 112 by left multiplication

Httpin
Gluck In mmauttiflication

4 Every group acts on itselfby multiplication

g a ga


